KOBE-TH-07-09 



Gauge-Fixing and Residual Symmetries in Gauge/Gravity Theories with Extra Dimensions 

C. S. Lim,''* Tomoaki Nagasawa,^'^ Satoshi Ohya,^'* Kazuki Sakamoto,^' ^ and Makoto Sakamoto'''" 

'Department of Physics, Kobe University, 1-1 Rokkodai, Nada, Kobe 657-8501, Japan 
^Anan National College of Technology, 265 Aoki, Minobayashi, Anan 774-0017, Japan 
^Graduate School of Science, Kobe University, 1-1 Rokkodai, Nada, Kobe 657-8501, Japan 

(Dated: February 2, 2008) 

We study compactified pure gauge/gravitational theories with gauge-fixing terms and show that these theories 
possess quantum mechanical SUSY-like symmetries between unphysical degrees of freedom. These residual 
symmetries are global symmetries and generated by quantum mechanical ^/K = 2 supercharges. Also, we es- 
tablish new one-parameter family of gauge choices for higher-dimensional gravity, and calculate as a check of 
its validity one graviton exchange amplitude in the lowest tree-level approximation. We confirm that the result 
is indeed -independent and the cancellation of the (^-dependence is ensured by the residual symmetries. We 
also give a simple interpretation of the vDVZ-discontinuity, which arises in the lowest tree-level approximation, 
from the supersymmetric point of view. 



PACS numbers: 11.30.Pb, ll.lO.Kk 

I. INTRODUCTION 

One of the salient features in compactified higher- 
dimensional field theories is the geometric "Higgs" mecha- 
nism resulting from the dimensional reduction. If gauge par- 
ticles can propagate to extra dimensions, the corresponding 
higher-dimensional gauge fields should be decomposed into 
normal modes of extra dimensions and then, from the four- 
dimensional point of view, they can be recast into an infinite 
tower of massive gauge bosons whose longitudinal degree of 
freedom is provided by absorbing one of extra spatial compo- 
nents of the field. This gauge boson mass generation is real- 
ized without invoking any scalar Higgs fields; it is essentially 
geometrical in nature. It also occurs in compactified higher- 
dimensional gravity theories the same mass generation mech- 
anism without invoking any fundamental Higgs fields. There, 
it seems that there is no explicit symmetry breaking. However, 
it was shown in the Kaluza-Klein (KK) theory that the spon- 
taneous symmetry breaking certainly occurs [1, 2, 3, 4, 5]: 
there exists an infinite-dimensional Kac-Moody-Uke symme- 
try at the 4d Lagrangian level, but it is broken down to the 4d 
translation and internal U(l) symmetry by the vacuum con- 
figuration X 5\ and then the non-zero graviton modes be- 
come massive. Though it would be the best to describe the ge- 
ometric "Higgs" mechanism by the argument along this line, 
it seems to be hard to extend the analysis to other more com- 
plicated compactified gravity theories. It is less obvious such 
analysis is applicable to compactified gauge theories. 

Recently, an alternative view of this mass generation mech- 
anism is given by [6, 8]: it is best described by using the 
hidden quantum mechanical supersymmetry in 4d mass spec- 
trum. The point is that mass eigenfunction for each non-zero 
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KK-mode has its own superpartner These functions are de- 
fined as eigenfunctions of 2 x 2 matrix super-Hamiltonian. 
Therefore it can be explained that nth KK-mode of the 4d 
component of the gauge field can absorb as its longitudinal 
degrees of freedom its partner nth KK-mode of the extra com- 
ponent of the field, and then nth gauge boson becomes mas- 
sive. 

In ordinary spontaneously broken gauge theories such as 
the Abelian Higgs model, if we work in the gauge it is 
inevitable to introduce the fictitious particles, i.e. the would- 
be Nambu-Goldstone (NG) bosons, so as to maintain the uni- 
tarity of the 5-matrix. The scalar component of the massive 
gauge field, the would-be NG boson, the Faddeev-Popov (FP) 
ghost and the anti FP ghost are all in degenerate with the same 
mass-squared ^m^. These spurious degrees of freedom con- 
sist of a multiplet, known as the BRS quartet [9], and do not 
contribute to the physical amplitude by canceling each other, 
and then the unitarity of the S'-matrix is maintained. 

However, there is no such scalar Higgs fields in pure gauge 
theory with extra compact dimensions, nor in compactified 
higher-dimensional pure gravity. Thus the unphysical polar- 
ization states of higher-dimensional gauge/gravitational fields 
must be canceled among themselves. Furthermore, in order 
to realize this cancellation these spurious degrees of free- 
dom must be in degenerate with the same gauge-dependent 
mass-squared. In view of this, we have to guarantee at least 
two things; the first is the same number of degrees of free- 
dom for the unphysical components of 4d gauge/gravitational 
field and the would-be NG bosons. These degrees of free- 
dom have to appear in pairs. The second is the degeneracy 
of mass, that is, the same ^ -dependent pole of the propaga- 
tors between these pairs. In view of this, it is sufficient to 
consider pure gauge/gravitational theories up to quadratic or- 
der and compute the propagators in gauges. It should be 
noted at this stage that, from the knowledge of the supersym- 
metric structure in the 4d mass spectrum, the mass matrices of 
these pairs should be given by the ^4"^ = 2 super-Hamiltonians. 
Therefore it is reasonable to expect that these free field the- 
ories would be invariant under some SUSY-like transforma- 
tions generated by supercharges to rotate these unphysical de- 
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grees of freedom with different spins. This is the main sub- 
ject of this paper. We study the compactified pure AbeHan 
gauge theory and pure gravity to quadratic order of gravita- 
tional fluctuations. We show that these free field theories ex- 
hibit residual global SUSY-like symmetries between the un- 
physical components of 4d gauge/gravitational fields and the 
would-be Nambu-Goldstone bosons, which are one of the ex- 
tra space components of the higher-dimensional fields. Also, 
we establish new gauges in five-dimensional gravity. We 
check its validity by computing the lowest tree-level graviton 
exchange amplitude. Of course the result does not depend on 
the gauge parameter t, . Note that we will not argue with uni- 
tarity bounds of some specific models as discussed in [ 1 0, 11]. 
In this paper we will restrict ourselves to free field theories. 

The rest of this paper is organized as follows. In Sec- 
tion II we study the pure Abelian gauge theory with extra 
Z)-dimensions compactified on a Riemannian manifold and 
show that in the gauge the scalar component of the four- 
dimensional gauge field and the would-be scalar NG boson are 
in degenerate with the same gauge-dependent mass-squared, 
and they form a multiplet under the SUSY-like transforma- 
tion generated by the supercharge found in the analysis of 
the 4d mass spectrum. In Section III we extend the analysis 
to five-dimensional gravity with the Randall-Sundrum back- 
ground and obtain the similar results. In this section we es- 
tablish the one-parameter family of gauge choices analogous 
to the R^ gauge in spontaneously broken gauge theories. As a 
check of validity of this R^ gauge, we compute the one gravi- 
ton exchange amplitude in the lowest tree-level and show that 
the result is indeed ^-independent. From the result obtained 
by this computation, we give a simple interpretation of the 
appearance of the van Dam-Veltman-Zakharov (vDVZ) dis- 
continuity from supersymmetric viewpoint. Since it seems to 
be unfamiliar to particle theorists, we devote Appendix A to a 
brief review of the vDVZ-discontinuity. We conclude in Sec- 
tion V. 



II. PURE ABELIAN GAUGE THEORY WITH EXTRA 
DIMENSIONS 

In this section we show that any compactified pure Abelin 
gauge theories intrinsically possess hidden quantum mechan- 
ical SUSY-like symmetry between a scalar component of 
4d gauge field and one of scalar components of higher- 
dimensional gauge field, which should be regarded as a 
would-be scalar NG boson. 

Let us consider the pure Abelian gauge theory with extra D- 
dimensions compactified on a Riemannian manifold K with- 
out boundary. We denote the (4 + D) -dimensional gauge field 
hyAM{x,y) = {A^{x,y),A,{x,y)) (jU = 0, 1,2,3;/ = 5, • • • ,D + 
4), are the coordinates of the ordinary four-dimensional 
Minkowski spacetime and y' are the coordinates of K. The 
bulk metric is given by 

ds^ = GMNd^dx^ = ri^ydxW+gij{y)dy'dyj, (1) 

where r/^y is the flat spacetime metric whose signature is 

(-,+,+,+). 



The action we consider is 

S = Jj'x Jd''yV^i^^\G'"'G''^FMNFKL'^ , (2) 

where Fmn = ^mAn — SnAm and G = det(GMA')(= —g)- The 
action is invariant under the U{1) gauge transformation 

AM{x,y) i-^A^(x,y) =AMix,y) + dM£{x,y), (3) 

where e is an arbitrary function. For the following discussion 
it is highly convenient to use the elegant mathematical tool of 
the differential forms. Notice that on the D-dimensional mani- 
fold K, A^ and A,- behave as a scalar and vector fields such that 
they can be regarded as 0-forms and a 1-form on K, respec- 
tively. For further discussion it is also convenient to introduce 
the inner product of differential forms on the manifold K. The 
inner product of two A;-forms on K is defined by 

J K J K 1^ • 

(4) 

where * is the Hodge star operator and 

(0^'^ ^(O^'ldy'^ A • • • A dy'^ =: ^cof 'd/ , (5a) 
giJ:=ghh...gkh_ (5b) 

/ and J denote k-tuples of indices. With this definition, (2) 
and (3) can be written as the following form: 

5= / d'^x^K, (6a) 

^K = -\{F^v,F^^')~^-{d^A^'^^dA^,d''A^''>-dA^) 

-i(dA('),dAW), (6b) 

and 

A^^A'^=A^ + d^e, (7a) 
A(i)K^A('*'=A('*+de, (7b) 

where A^*' = A,dv' and d = dy'd^. 

To clarify the supersymmetric structure, we will follow the 
method of ref.[6]. The Hodge decomposition theorem tells us 
that any A:-form on K can be uniquely decomposed into the 
sum of the harmonic ^-form, the exact A:-form and the coexact 
A:-form on K. Noting that there is no exact 0-form, we can 
write 

A|f) =A^,o(x)j7W + ^ A^,„(x)cOif\ (8a) 

where rj^^^l = [//f d^jy/^] and bi is the first Betti num- 
ber As we shall see immediately, bi gives the number of 4d 



3 



massless scalar bosons, which are identified as Higgs fields 
in the gauge-Higgs unification scenario. For example, bi = I 
for K^S\ bi^O for K ^ S^, bi = (") = « for K = T" = 
X ■ ■ ■ X (Kiinneth formula), etc. 

(k) (k+l) 

(0„ and % (A: = 0, 1) are coexact A:-form and exact fc + 
1 -form and defined as the orthonormal sets of the eigenmodes 
of the positive semi-definite isospectral Hamiltonians d^d and 
dd^^: 



(9) 



"d'l^d ■ 








\ 1 


dd'l^ 






= [mn ) 





5hn = m^n^ £„ and the others are equal to zero. Hence, from 
the higher-dimensional gauge invariant point of view, h„ has to 

appear to in the combination A^,„ — {l/ml^^)d^h„, which 
is realized in (13) as it should be. By (partially) fixing the 

gauge = /nin'')hn (with Eq left arbitrary) all the would- 
be NG bosons h„ are gauged away. This is the unitary gauge 
of the theory. The four-dimensional particle content of the 
theory is now obvious: the massless photon A^ o. the infinite 

tower of massive gauge bosons A^,,,, with mass ni'^\ the b\ 
massless scalar bosons 0, and the infinite tower of massive 



scalar bosons <t> / with mass m , 



1) 



where the relative phase is chosen to be 



"O d+' 






(k) 




d 
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Now we introduce the following 2x2 matrix operators 



H = 



A'^A ■ 
dd^^ 



dT 
d 



(-1)^ = 



1 

-1 



which satisfy the ,_A^ = 2 supersymmetry algebra 

{Qa,Qt} = 2S„bH, [H,Q„] = [H,i-lf]=0, 
{(-lf,Gj=0, fl,^=l,2, 



(11) 



(12) 



A. Gauge-Fixing and Residual Symmetry 

As already mentioned in Section I, in this paper we are 
interested in the gauge. Since there is an undesirable 

quadratic term mixing A^ and A^'^ in (6b) (or A^,„ and h„ 
in (13)), we have to get rid of this mixing term by correctly 
choosing a gauge-fixing function. Such a gauge-fixing func- 
tion is already introduced, for example, in [7] in the context 
of five-dimensional gauge theory. The D-dimensional version 
of such a gauge-fixing function should be chosen as 



F[A] = d^A^ - ^dU(>) = ^^'A^ - ^d^h. 



(14) 



where Q2 = 1) 2i. (—1) is the "fermionic" number op- 

(k) 

erator which assigns to the "bosonic" state (On a quantum 

{k] 

number +1 and to the "fermionic" state 0„ ' a quantum num- 
ber-!. 

From the orthonormality of the eigenmodes ' , it is easy to 
write down the 4d reduced Lagrangian 




i=\ 



1 . 



(0) ^^''^'^ 

Jflri 



+ L{-^(^.*')'4K')'i>^'V (13) 

where F^v./i ~ <5|jAv,,7 — dyA^ „. It is worth mentioning at this 
point that each KK-mode transforms under the U(l) gauge 
transformation (7a) (7b) as 5A^^o — dfiEo, 5A^^„ — (9^e,„ 



' The eigenmodes are normalized as 

,(1) „(1) 



By adding a gauge-fixing term — (1/2^)F[A]^ to (6b) and in- 
tegrating by parts we obtain the gauge-fixed Lagrangian 

^ = i (A^, [ri^^ia - dtd) - (1 - l/^)d^d']Ay) 
+ i((p,n(p) + i(4>,p-d^4>) 



l(/2,p-^dd+]/l), 



(15) 



where □ = d^d^ . Inverting the kinetic term operator we ob- 
tain the gauge boson A^ „ propagator containing a term pro- 
portional to k^kv / {inlf^y^ with the gauge-dependent pole at 

—k^ ~ ^ (mi"')^, which is exactly the same simple pole posi- 
tion of the would-be NG boson's {hn&), as it should. In any 
free field theories when two different fields are in degenerate 
and have the same degrees of freedom, there obviously exists 
a symmetry to rotate them. Now this is indeed the case. The 
term proportional to k^ky/ (mlj^^Y with the gauge-dependent 

pole at —k^ = ^ (to,'"^)^ in the gauge boson propagator sug- 
gests that the scalar component of the gauge field has the same 

mass-squared ^ (ml'^^)^ to the would-be NG boson's. Indeed, 
if we decompose A into the transverse and longitudinal ^ (or 



- We iiere use the terms transverse and longitudinal in a covariant way, that 
is, transverse means perpendicular to dfi (or kfi) and longitudinal parallel 
to (or k^ ). 
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pure gauge) part 



(16) 



the Lagrangian becomes 



i((p,n(p) + i(4>,p-d^«I>) 
i(/i,p-^dd>). 



(17) 



To canonicalize the Lagrangian we redefine the field as ^ 

A(l)^_>a(l):= W^A^^\ (18) 




H is written by product of the supercharges, it is quite natural 
these spurious degrees of freedom are mutually related by the 
global transformation generated by gi . 

(3) Since the residual symmetry (20) is a spacetime symme- 
try between a spin-1 and a spin-0 particle, one might suspect 
that (20) would conflict with the Coleman-Mandula theorem 
[12]. However, the residual symmetry rotates only the un- 
physical degrees of freedom. Hence this is not the case. 

(4) This residual symmetry can be regarded as a relic 
of higher-dimensional gauge symmetry by using the gauge- 
fixing condition F[A] = 0. It is easy to see that the trans- 
formation (20) is indeed the higher-dimensional gauge trans- 
formation with an identification £ ~ Od^h = 9{l /^)d^A^ = 
0{n\/^)A^^\ In view of this fact, one might expect that com- 
pactified gauge theories with gauge invariant interaction terms 
would also possess some residual symmetries such as (20). 
However, this is an open question. 



so that {A^^\h) -sector can then be recast into the following 
2x2 matrix form 



A(L) 
h 



-1 
1 



d+d 
dd^^ 



h 



(19) 







A(l)'- 


= e 


d^^' 






h 


1 — > 


// 


d 




h 



We have thus separated the Lagrangian into the gauge- 
independent and -dependent parts. The gauge-dependent part 
can be written in terms of 2 x 2 matrix form and the mass ma- 
trix is exactly the Hamiltonian in (11), as expected. It is now 
obvious the Lagrangian is invariant under the transformation 



(20) 



This symmetry transformation is generated by the supercharge 
Qi in (11), and hence SUSY-like. 
Several comments are now in order: 

(1) This is a symmetry between the scalar component of 
the gauge field A^ and the would-be NG boson both are un- 
physical degrees of freedom of the theory. Thus if we add to 
the Lagrangian the gauge invariant interaction terms or extend 
to non-Abelian gauge theories, and then calculate the S'-matrix 
elements, these spurious degrees of freedom must be canceled 
so as to maintain the unitarity of the S'-matrix. We may there- 
fore conclude that these cancellations are compensated for the 
symmetry (20), though it is much less obvious whether resid- 
ual symmetry such as (20) might exist in a fully interacting 
theory. 

(2) As already mentioned in Section I, (20) is an expected 
symmetry. From the unitarity point of view, these unphys- 
ical gauge-dependent part must have its partners to ensure 
the cancellation of each contributions to the S'-matrix ele- 
ments. In view of this, these partners must be in degenerate 
with the same (^-dependent mass-squared. Since the super- 
Hamiltonian H is only the candidate for the mass-matrix and 



' The definition (18) is well-defined only in the region inside (outside) the 
light-cone and ^ > (^ < 0.) 



III. 5D GRAVITY WITH RANDALL-SUNDRUM 
BACKGROUND 

We would like to further extend the previous analysis to 
compactified higher-dimensional pure gravity to quadratic or- 
der of gravitational fluctuations. Because of authors' inabil- 
ity to analyze the gravity in general dimensions with general 
background metric, we shall restrict ourselves to consider the 
perturbation to the well-known Randall-Sundrum metric [ 1 3] 
as a less trivial example. 

Let us consider the five-dimensional gravity with single ex- 
tra dimension compactified on an interval (0, nR) with two 
3-branes which are located at the end points of the interval. 
The action respecting this configuration is 



S 



kR ( 



+ V^^uv ( - <7uv ) 5 (y) 



(21) 



where M is the five-dimensional Planck mass, R is the Ricci 
scalar evaluated by the 5d metric Gmn and g^y (§)J^) is the 
metric induced on the UV (IR) brane. The bulk cosmological 
constant A and the brane cosmological constants ctuv and ctir 
are tuned to give a warped background solution with a slice of 
AdSs: 



d.2 = 



(physical coordinate) 
(conformal coordinate) 
(22) 



■* In this paper we use the conventions: 



^ MN ■ 



1 



j'^^ (dNGsM + drnGsN — dgGMN) 

Rmn '■= ^ 



^ LAJi AM 
MAN = dA^iilN ^ ^N^^A 



A AM A , 

r 



LM^ NA 

A 

MN'- AB 



^ AR ^ , 



MA^ NB- 
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with (Tuv = l2kM^ and ctir = -l2kM^, whe re k is the AdS 
curvature scale defined ask= (— A)/12M^. It is just a mat- 
ter of choice which coordinates (physical or conformal) one 
will use, however, the conformal coordinate will turn out to 
be advantageous to evaluate various quantities, especially the 
gravity action because it utilizes the very useful formula of the 
conformal transformation. Thus in what follows we will use 
the conformal coordinate z for computational convenience. 

We investigate the gravitational fluctuations around the 
background 

Gmn = e^^f^"' {^MN + huN (x)] , A (z) = - ln( 1 + fe) . (23) 

It should be noted that the explicit expression for the warp 
factor A(z) is valid on the open interval < z < Zt := 



A" - (A')' = 2k&\-b{z) + 5(z - %R)\, 



(24) 



where prime (') indicates the derivative with respect to z. In 
the following analysis, however, the delta functions on the 
right hand side of Eq.(24) can safely be ignored because of 
the boundary conditions for the metric fluctuations consistent 
with the general coordinate invariance. Therefore we will use 
the relation A — (A )^ = in the whole of this paper instead 
of (24). 

The fluctuations \imn should be parameterized as 



Vv-(l/2)i7^v^ /V5 

/2v5 ^ 



(25) 



which enables us to identify the spectrum of the linearized 
theory. Notice that the limit A gives A; = and Zc = 
and hence the background geometry (22) just reduces to M'* x 
(0, nR), as it should. 
The quadratic action takes the form 



3A 



dz e 



+ (^K^-.pahP'' + 2^K^-p5hP^ + ^K^-4<p\ , (26) 



K^v;p5 - --{ri^pdy + riypd^~2ri^,ydp){d, + 3A'), (27b) 



K^,v■4 = -r|^iv{^, + 3A'){^, + 2A'), 



(27c) 



Kf,5:pa = -^^Tlfipda + ri^adp - 2ripad^)d-, (27d) 



K^5-p5 = -:^{d^dp- rif^pD), 

K^5-4^-^Mdz + 2A'). 
3 



^■p5 



:dp{dz+A'), 



K^.4^-a-3{d,+A'){d, + 2A'). 



(27e) 
(27f) 
(27g) 
(27h) 
(27i) 



These expressions ^ are also found in [15, 16] and consistent 
with the Einstein equations [17]. 

One can easily verify that the action is invariant under in- 
finitesimal general coordinate transformations 

x^K^.€^=x^ + ^^ (28) 

which transform the fluctuations at the linearized level as 

h^v ^ h^iv = h^iv - d^S,v - dyS,^ - ri^y{d, + 3A')^5, (29a) 
hp.5^h^5=h^s-d-t,^-d^E,s, (29b) 
^ ^ = 0-2(a+A')^5. (29c) 

Supersymmetric Structure: For the later discussion we here 
briefly summarize the quantum mechanical supersymmetric 
structure of the theory. As shown in ref.[8] the fluctuations 
are expanded as 



(7=0 



h^s{x,z)^Y^lM{x)g^'\z), 



(?.(^,z) = £0W(x)fcW(z), 



(30a) 



(30b) 



(30c) 



n=0 



where we have excluded the vector zero-mode g'"' from the 
expansion (30b), since as we shall see immediately it will be 
incompatible with the supersymmetric structure. 



where 



Ijijltipdvda + rinadydp + r\ypdy^da + r]vad^dp) 
TlpLvdpda + ripad^dv 

-^{^llip^va + Tliiallvp — 277|,v'?p(j) 

x(n + (a, + 3A')az), (27a) 



' The normalization is different from [S] by 1 /2 to canonicalize the operator 
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The orthonormal sets {/("'}"=o {^'"'1,7=1 and {k'^"^"^Q 
are defined as the eigenfunctions of the Schrodinger-Hke equa- 



tions 



-(a + 3A')a 

_5,(5. + 3A') 

-(a, + 2A')(a+A') 

-(a+A')(a+2A') 







2 


"y(n)" 




/"\ 


= ni 


g(n)_ 




-gi")- 

kin) 


= fll^ 
'"n 


■g{n)- 



(31a) 
(31b) 



r 





■y(n)' 


= mn 


■y(n)" 


(33a) 




g(n) 










-gi")- 






(33b) 



with the boundary conditions 

d,/"^ {zi) = 0, {zi) - 0, (a + 2A')^("' fc) = 0, (32) 

where zt = or Zc- Note that the background solution enables 
us to factorize the Hamiltonian for the vector-mode g'") in two 
different ways (except on the boundaries); —d-{d- + 3A') = 
-(a + 2A')(a+A'). 

These eigenfunctions are mutually related through 

-{d- + 3A') 
a 

-(a + 2A') 
d-+A' 

Now it is clear that there is no nontrivial solution of the vector 
zero-mode g'"^ which has to satisfy the two different linear 
differential equations 

-{d, + 3A')g^^^ =Q^{d,+A')g(^\ (34) 

We have already included this fact into the expansion (30b). 

It should be noted that the eigenfunctions satisfy the iden- 
tity 

-2A'(z)gW(z)=m„(/W(z)+A:W(z)), n G Z>o, (35) 

which plays an essential role in the proof of gauge- 
independence of one graviton exchange amplitude in the 
gauge; see Section IV. Now we introduce the following 2x2 
matrix operators 



H 

Gi 
H 



-(a + 3A')a 

-a(a + 3A') 



-(a + 3A'y 
d- 



(-If = 



1 

-1 



(36a) 



-(a+2A')(a+A') 

-(a+A')(a+2A') 

-(<9- + 2A'" 
a+A' 



(-1/ 



1 

-1 



0, 



which satisfy the two jV = 2 superalgebras 

{Qa,Qb}^28,i,H, [H,Q„] - [H,{-lf] 
{(-1)^,GJ=0, (37a) 

{Qa.Qb} = 25abH, [H,Qa] = ] =0, 

{(-lf,G4=0, a,b= 1,2, (37b) 



where G2 = /(-l)^Gi and Q2 = /(-l)^Gi- 

We emphasize that (32) is the unique boundary conditions 
to ensure the Hamiltonians H and H to be isospectral (except 
for the zero modes), or the supersymmetries in the mass spec- 
trum. Indeed the hermiticity of the Hamiltonians and super- 
charges is ensured if and only if the boundary conditions (32) 
are imposed (see ref.[8]). 

Unitary Gauge: Next we will identify the particle content of 
the theory. To this end we first note that using the mode de- 
compositions (30a) - (30c) the linearized general coordinate 
transformations (29a) - (29c) read 



n £ Z>o, (38a) 
(38b) 
(38c) 



where the gauge freedom assumed to be expanded as 



n=0 n=l 

(39) 

If we move on to the coordinate frame by choosing 











5/^1 = 


tin) 






50 W 


-2m„£,^"\ 


n £i 


2>0, 



2m« 



in] 



n e Z>o, 
(40) 



(36b) 0'"' and /ij^j with n > are all gauged away, leaving only 



1 

+ 2 
- /.("^ 



1 



i")\ 



(0) _ a(0) 



0("', «ez 



>0, 



(41a) 
(41b) 
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so that the quadratic action becomes ^ 



=m2,| d^xJ £ \h^"^>'''4tpj("^p<^ 



(0) 



(43) 



where Mp\ is the (5d averaged) 4d Planck mass scale defined 
as 



M{5i = MM dz e^'* = — (1 - e-^™"), 



-2KkR\ 



which reduces to M, 



2 A^O, 



2k 



nRM^ as it should, and 



(44) 



1 



+ T]pLvdpda + ripad^dy 

1 , 
+ 2 ('7w'7v<T + JTiialTvp - 2T7^vi?pa)(n - '«„)■ 

(45) 

Notice that the graviton mass appears as the so-called Fierz- 
Pauli [ ! 4] form, which is the only form that does not introduce 
ghosts [ ]. The four-dimensional field contents are now ob- 
vious: the massless graviton /ij^^v, the infinite tower of mas- 
sive gravitons /zlfy with increasing masses {ffin}"=i and the 
massless scalar boson 0*^"' known as the radion. It is worth 
mentioning at this point that Mpi is not directly related to the 
Newton constant Gn', is just introduced as the coefficient 
of the massless graviton Lagrangian, whereas has to be 
determined as the coefficient of the inverse square law part of 
the static gravitational force, which now includes the massless 
radion's contribution as well as the massless graviton's one. 



A. Gauge-Fixed Action to Quadratic Order 

Once fixed the action to the unitary gauge, all the fictitious 
massive vector- and scalar-modes would disappear from the 
dimensional reduced action so that we could not see the can- 
celation mechanism of the would-be NG bosons which ap- 
pear in the other gauges, nor the expected SUSY-like sym- 
metries between the unphysical degrees of freedom with the 
same gauge-dependent mass-squared. In view of this we have 
to establish the one-parameter family of gauge choices analo- 
gous to the gauge in the previous section. However, it is 



* The eigenfunctions are normalized as 
Jo 

m3 [% e3''g(")(z)g("'){z) 5„„„ 
Jo 

M3rd;e3'*^("'(;)^("'){z)=M^,5,„„. 
Jo 



(42) 



not straightforward to find such a gauge due to the appearance 
of three undesirable quadratic mixing terms. 

Our strategy to find out the appropriate gauge-fixing func- 
tion similar to the gauge in spontaneously broken gauge 
theories is based on the observations: 

(1) In 4d general relativity the so-called harmonic gauge, 
which is the counterpart of the Lorentz gauge in ordinary 
unbroken gauge theories, is just the linearized version of 
dpi{y/—gg^^) = 0. Therefore we could expect that the har- 
monic gauge conditions for the warped Randall-Sundrum 
metric would also be given by something like the conditions 
dM{V~GG^^) = to linear order of Jimn- 

(2) In order to fix the gauge arbitrariness we have to 
impose five independent conditions. The gauge-fixing func- 
tion for must be expanded by the orthonormal set with the 
same boundary condition to i.e. {/^"H-z) }«=()' whereas 
that for ^5 must be expanded by {^'"'(■z)}~=i- As we shall 
see immediately, this is a key observation to select the terms 
adaptable to the gauge-fixing function from the linearized 



Cm I, 

In what follows we first investigate the harmonic gauge (or 
't Hooft-Feynman gauge from the four-dimensional sponta- 
neously broken point of view) for the warped gravity and then 
establish the one-parameter family of gauge choices analo- 
gous to the R^ gauge in spontaneously broken gauge theories. 
The analysis presented below is based on the knowledge of 
gauge-fixing in 4d general relativity, which is briefly summa- 
rized in Appendix A together with a brief review of the vDVZ- 
discontinuity. 

't Hooft-Feynman Gauge: As in 4d general relativity, we 
will first calculate (\/ —GG^^) to linear order: 



,3A 



1 



= e 



3A 



(46a) 



3 A' + ^A' {h-(j)) + - d^h^"^ 



■^{d, + 2A')(^ 



-oiP), 



(46b) 



where h = rj^^hny. First look at the right hand side (RHS) 
of Eq.(46a). The three terms in the brace can be expanded 
in only /'"'-modes so that it seems to be adopted as a gauge- 
fixing term. Next look at RHS of Eq.(46b). Since we are now 
interested in gauge-fixing for quadratic part of the action, the 
first term 3A' should be ignored, because it gives 0th and 1 st 
order of the fields. The last three terms in the brace can be 
expanded in g'"'-modes, however, the second term can not. 
Thus, for the present, we will adopt only the last three terms 
for gauge-fixing and examine whether it works well or not. 
Our modified harmonic gauge conditions are therefore 

Ff, [h] = -d^h^^ + ^d^h - (a + 3A') h^5 = 0, (47a) 
Fs [h] = ^-d,h - d^h^s + 2A') (?) = 0. (47b) 
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Let us first examine how to implement these gauge-fixing con- 
ditions. To see this, it is sufficient to calculate 8F^[li] and 
5/^5 [/j]. Using the transformation law of the fluctuations at 
KK-mode level we get 



«=o 



11=1 



(48a) 
(48b) 



These are the analogue of Eq.(A8). Notice that when one im- 
pose the gauge-fixing conditions (47a) and (47b), however, 
there still remains gauge freedom generated by on-shell pa- 
rameters and ^5"' which satisfy (□ — m^)^^"' = and 

(□ — m^)^]"' = 0. This is also the analogue of residual on- 
shell gauge freedom in 4d general relativity. 



Adding to the action (26) a gauge-fixing term 



It is obvious that one can always impose the conditions (47a) 
and (47b) by choosing ^''^ as one of solutions to the following 
differential equations for each n: 



we get 



(49a) 



(49b) 



=mV^|-1(F^[/.])^-1(F5[/.])'|, (50) 



/ (Tx / dz e 



,3A 



-hi"' 

4 



]-h^' [t7^v (□ + d,{d, + 3A'))] h^' + [□ + (a +A'){d, + 2A')] 
2 o 



(51) 



The dimensional reduced action is 



f(2) 



Mi 



«=i 



n=0 ' 



(52) 



It should be emphasized the first line suggests that the residue of the graviton propagator is common to any n G Z>o so that 
one may expect in the 't Hooft-Feynman gauge it may be possible to evade the vDVZ discontinuity, which arises in the unitary 
gauge. For further discussion, see Section IV. 



Gauge: So far we have used the notation and S^^^, 

which implies that, as in gauge theories, our 't Hooft-Feynman 
gauge just corresponds to the case ^ = 1 in somewhat under- 
lying gauge, however, no mention has been made of how 
we have inserted the gauge parameter ^ into the action. Ac- 
tually, it is highly non-trivial to insert ^ into the gauge-fixing 
Lagrangian (50). To see the difficulty, consider the arithmetic 

1 2 

= (jc^ + b^y^ + c^z^ + 2axy + 2bxz + labyz) . (53) 

Since we already know the 't Hooft-Feynman gauge, which 
corresponds toi^ =a = b= l,we now want to choose the co- 
efficients a and b to make the three cross terms independent 



of ^; a/£, = b/t, = {ab)/£, = 1. But obviously it is not pos- 
sible. At first glance, it seems to be impossible to eliminate 
the three undesirable mixing terms by a single gauge param- 
eter £, . However, we can construct the one-parameter family 
of gauge choices analogous to the gauge in spontaneously 
broken gauge theories with the help of the boundary condi- 
tions (32). 

One of the crucial keys is that we have two squared brack- 
ets in (50), and (Fslli])'^, the former fixes the four- 
dimensional gauge arbitrariness and the latter the extra- 
dimensional one ^5. Since the scalar field ^ only appears in 
the latter bracket, we have to insert ^ as a coefficient of (p to 
cancel out by the overall factor 1 /(2^). Then the cross term 
between h and h^^^ in the latter bracket come to depend on ^. 
However, we can make all the cross terms independent of £, by 
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inserting it into the former bracket as following combination: 

^GF =M3e3^ [h]f - [h]f^ , (54) 

with 

F^^ [h] = ~d^h^^ + " I") ^^^^"^ 

(55a) 

I 



Now it is straightforward to compute the propagators in the 
gauge. The results are summarized in Appendix B. As 
in a massive gauge boson propagator of spontaneously bro- 
ken gauge theories, the massive graviton propagator can be 
written into the sum of the gauge-independent and -dependent 
part separately. The gauge-independent part corresponds to 
the transverse-traceless part of h^y, as it should. The gauge- 
dependent part can further be decomposed into the sum of the 
three independent parts; the transverse gauge freedom part 
A'^', the longitudinal gauge freedom part A'^' and the trace 
part A("^). A(t) has the same simple pole position to the trans- 
verse part of the vector propagator. A'^' and A*"' have the 
same simple pole positions to the longitudinal part of the vec- 
tor propagator and the scalar propagator, respectively. In view 
of this fact we expect that as in the case of the pure Abelian 
gauge theory, these spurious degrees of freedom have its part- 
ners with the same mass-squared, and consist of multiplets un- 
der SUS Y-like transformations generated by the supercharges. 
To this end we decompose the graviton and vector fields 



Upon integrating by parts, one can easily check that the cross 
term between h and h^^ is just the same as (50) with the help 
of the boundary conditions (32). Thus (54) correctly elimi- 
nates the undesirable mixing terms. 



(56) 



(57a) 

(57b) 
(57c) 

I 

into the following polarization states 

(58a) 

^5=^5 +^m/^5'^'' (58b) 

(TT) (T) 

where hj^y is the transverse-traceless mode (5 DOF), hj^ 
the transverse gauge freedom (3 DOF), /i^^' the longitudinal 
gauge freedom (1 DOF), /i'"^^ the "trace" piece (1 DOF), /ijj' 

the transverse mode (3 DOF) and h^^^ the longitudinal mode 
(1 DOF). Notice that these decompositions are justified only 
for the case that /i^v and /i^s ai'e both massive. Indeed the 
massless tensor decomposition are more complicated; see for 
example Appendix of [1^*]. However, since we are now in- 
terested in the gauge-dependent mass terms of the would-be 
NG bosons, we do not need the massless tensor and vector 
decompositions. 



Gauge-Fixed Action to Quadratic Order: Adding to the action (26) a gauge-fixing term (54) we get 



where 



K^l;pa = -|-^ {niipdvda + riiicdvdp + rivpd^da + rivadpLdp) 



if - 1 1 ^ ^ 



+ ^ (^I7Mp'7va + TJ^a'?vp- (^^l) '^Mv'Tpa^ {d, + 3A')d^, 
<fp = 77^p [□ + ^d,id, + 3A')] - (l - l) d^dp, 
Klf^=D + {3^-2)id,+A')id, + 2A'). 
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B. Residual Symmetries 



Inserting the decompositions (58a), (58b) into (56) we get 



.(2) 



TT) 









■-1 


0" 


_/;(t)m5 







1 






'1 


" 











-1 


( 


"/;(«■)" 






1 o" 








1 


( 



-id, + 3A')d: 

-d,{d, + 3A') 

-(a + 3A')<3, 

-d-{d- + 3A') 



□ -(3^-2) 



-{d, + 3A')d, 






"u. 


) 












) 














-(a+A')(a + 2A') 



(59) 



r 



where 



^(TT) J_, (TT) 




-,(T) JT) 



7i5 




5 ' 



^/3 



0. 



(60) 



This is our final expression for the quadratic action. We have 
separated the action to the gauge-independent and -dependent 
part, just as done in the pure Abelian gauge theory. It is now 
obvious that (59) is invariant under the following three inde- 
pendent global transformations 



"/J 

. MS. 


= 01 




= 02 




= 03 



-{d, + 3A') 




-(<9, + 3A') 

a 



-{d,+A')d, 



. M5 J 



-(a + 3A')(<3,- + 2A') 




(61a) 



(61b) 

/j(tr)' 

(61c) 



As expected, the transformations (61a) and (61b) are gener- 
ated by supercharge Qi in (36a). The transformation (61c) is 
not, however, expressed by a first-order differential operator. 
This is because (61c) is the symmetry transformation between 
(the unphysical component of) /i|,v and ^, which should be 
generated by product of two supercharges. 

Several comments are in order at this stage: 

(1) It can be regarded that (61c) is the so-called higher- 
derivative supersymmetric transformation. Indeed, if we in- 



' Once again, these definitions (60) are well-defined only in the region inside 
(outside) the hght-cone and ^ > (^ < 0.) 



troduce the following 2x2 matrix operators 



(a+3A')a 

-(<9,-+A')(a + 2A') 



Qi = 



-(a + 3A')(<3- + 2A') 
-{d,+A')d- 

1 

-1 



(62) 



it is easy to check that these operators satisfy the so-called 
higher-derivative supersymmetry algebra (HSUSY algebra): 



{Qc„Qb}^^^atH\ [hA,] = [H,(-l)^] =0, 
{(-lf,Gj=0, a,Z7=l,2, 



(63) 



where Q2 = /(— l)^2i. This is an extended nonlinear su- 
peralgebra discussed in [20, 21, 22, 23, 24, 25, 26]. As is 
different from the standard superalgebra (37a), (37b), the su- 
percharges are now the second order differential operators, as 
they should from the mention above. The point is once again 
the refactorization of the Hamiltonian for the vector-mode, 
+ 3A') = -{d- + 2A')(a + a'), with the help of the 
background solution A" = (A')^ (except on the boundaries). 

(2) There is no residual symmetry generated by Qi. One 
may wonder about the absence of the symmetry generated 
by 2i- However, it is reasonable from the unitarity point of 
view. In ordinary spontaneously broken gauge theories, the 
^ -dependent part of the gauge boson propagator must have as 
its partners the would-be NG bosons and the Faddeev-Popov 
ghosts with the same B, -dependent pole so as to cancel out the 
^ -dependence of any physical amplitudes, and then maintain 
the unitarity of the theory. In this case, since we do not need 
the Faddeev-Popov ghosts, the unphysical polarization states 
of the massive graviton field (5 DOF) must have as its partners 
the would-be NG vector (4 DOF) and scalar (1 DOF) bosons. 
Thus, we do not have any degrees of freedom to relate by the 
symmetry transformation generated hy Q\. 

(3) In special cases ^ = 1,2, the four polarization states 
in (61b) and (61c) are happened to be in degenerate with the 
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same gauge-dependent mass-squared. Hence the action comes 
to exhibit the following four additional global symmetries: 



The coupling of the fluctuations h^y to the energy- 







5 








5 










= 04 
= 05 

= 06 



1 

1 



{d- + 3A'){d. + 2A') 

-(a+A')a 



d- + 3A'' 

a 



/^(tr) 



d- + 2A'' 
-idz+A') 



'5 




(64a) 

(64b) 
(64c) 

(64d) 



It is interesting to note that the 07-symmetry is generated by 
Qi in (36b). 

(4) The residual symmetries (61a), (61b), and (61c) are 
spacetime symmetries between a spin-2 and a spin-1 particles, 
a spin-2 and a spin-1 particles and a spin-2 and a spin-0 parti- 
cles, respectively. Because of the same reason in the Abelian 
gauge theory with extra compact dimensions in Section 11, it 
does not contradict with the Coleman-Mandula theorem. 



momentum tensor Tuv is 



^ — huvT^''' + ^ ^r)5(z-z,), (65) 

where Zi,2 = or Zc- The last equality follows from the 
canonically normalized fields h^y = (Mpi/\/2)/!/iv ^ = 
(\/3Mpi/2)0. The scattering amplitude for our process is 
given by (see FIG. 1) 



„=oV \/2Mpi ; {Mv,4;{p^.«} 

\ V2Mpi J 



(66) 



IV. ONE GRAVITON EXCHANGE AMPLITUDE 

In this section we will calculate the lowest tree-level am- 
plitude for the process of a gravitational interaction between 
two (conserved) external energy-momentum tensors residing 
on the 3-branes by using the previously derived i?^ gauge, and 
show that the result is actually independent of the gauge pa- 
rameter ^ . 



Note that, as shown in Appendix B, the massive graviton 
propagator can be separated into the transverse-traceless part 
A(^^\ the transverse gauge freedom part A'^', the longitudinal 
gauge freedom part A^^' and the trace part A^''^ . Since 

A(T) 

and A*^' do not couple to the conserved energy momentum 
tensor, the cancellation of the ^ -dependence for n > must 
take place between the trace part of lif^y and the would-be NG 
boson (p. Its cancellation certainly occurs in a bit surprising 
way: 



/W(zi)/'">fa) j.(n^v^(tr) j(2)pa (^1 fe) ^(l) ^ 

2M2j {fiv.n};{pa.„} ^jmI^ 



{«};{«} 



f(\)f(2) 



I 



-f^"Hzi)f^"Hz2) + k^'Hzi)k^"Hz2)] =0, 

I 



(67) 



where the last equality follows from the identity (35) and the sion 
boundary conditions (32). Thus the resulting amplitude does 

not depend on a gauge choice thanks to the supersymmetries ^ y(o)^^j^y(o)^^2) f (2) 1 1 

between the eigenfunctions. We finally arrive at the expres- = - — 5 72 1 f'^^^^^T^y — -f (')f \ 

i kW(z,)ki^\z2) ^n,^n, 
\2Mly -k^ 



—I 



(68) 



It is worth mentioning that in our normalization the zero-mode 



12 




FIG. 1 : One graviton exchange amplitude. 



functions are 

/''Hz) = l and /t('')(z)=e-"^-^(l+fe)2, (69) 

so that if we set zi = and zi = Zc, f^^\0)f^^\zc) and 
k^^\0)k'''^\zc) give the same value and are equal to one. This 
means that for the process of a gravitational interaction be- 
tween two energy-momentum tensors sitting on the UV and 
IR branes, the massless limit m„ — > is continuous even in the 
lowest tree-level approximation. Thus, in this special case it 
may be possible to evade the vDVZ-discontinuity without in- 
voking (anti-)de Sitter backgrounds [27, 28, 29, 30] nor non- 
perturbative effects [31, 32]. On the other hand, if we set 
= Z2 = or zi = Z2 = Zc, the massless radion's contribu- 
tion could not coincide with the massless graviton's one. In 
these cases the massless limit is not continuous and hence the 
vDVZ-discontinuity appears in the amplitude. 



A. vDVZ-Discontinuity from Supersymmetric Point of View 

As already mentioned, it is known that there exists a dis- 
continuity between the massless graviton and the massive 
graviton theory in the lowest tree-level approximation with 
Minkowski background [33, 34, 35]. As summarized in Ap- 
pendix A, the discontinuity is due to the fact that the helicity 
state dose not decouple to the trace of a conserved energy- 
momentum tensor even in the massless limit. 

In the gauge the fictitious scalar fields propagate on the 
branes, however, as mentioned before, we have the identity 
/'"'(zi) = — ^'"'(z,) for « > on the branes, which is noth- 
ing but the consequence of the supersymmetries in the mass 
spectrum, such that the massive scalars' contributions can 
be converted into the massive gravitons' one. However, the 
zero modes (z,) and A:'"' (z, ) do not mutually relate so that 
the massless graviton's contribution differs from the massive 
graviton's one, and then there arises the discontinuity. 



V. SUMMARY 

In this paper we have studied higher-dimensional 
gauge/gravity theories with compact extra dimension(s). 
In Section II we have investigated the pure Abelian gauge 
theory with extra compact D-dimensions in the gauge, 
and found that the gauge-fixed action possesses the residual 
global symmetries between unphysical component of the 
gauge fields and the would-be scalar NG bosons. The 
^-dependent mass-matrix of this multiplet is exactly the 



super-Hamiltonian and the residual global symmetry is 
generated by the supercharge found in the analysis of the 
mass spectrum. 

In Section III we have extended the analysis to five- 
dimensional pure gravity to quadratic order as perturbation 
to the Randall-Sundrum background. We have established the 
one-parameter family of gauge choices for 5d gravity analo- 
gous to the R^ gauge in spontaneously broken gauge theories. 
In this R^ gauge we have shown that the gauge-fixed action 
exhibits the three independent residual global symmetries. As 
in the pure Abelian gauge theory with extra dimensions, it is 
the symmetries between unphysical component of the gravi- 
ton field and the would-be vector and scalar NG bosons. How- 
ever, as opposed to the pure Abelian gauge theories with extra 
dimensions, one of these residual symmetry transformations 
cannot be expressed in terms of the first-order differential su- 
percharges but the second-order differential supercharge. 

In Section IV, to see the validity of our R^ gauge we have 
computed the one graviton exchange amplitude in the low- 
est tree-level approximation, and confirmed that it is indeed 
^-independent. Using this result we also found that for the 
process of a gravitational interaction between two conserved 
energy-momentum tensors residing on the UV and IR branes, 
the famous vDVZ-discontinuity does not arise even in the low- 
est tree-level approximation. 
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APPENDIX A: VDVZ-DISCONTINUITY 

In the massive 4d graviton theory with the Fierz-Pauli mass 
term, the extra scalar degree of freedom corresponding to the 
helicity state does not decouple to a trace of a stress-energy 
tensor even in the limit m ~^Q. This is the famous van Dam- 
Veltman-Zakharov (vDVZ) no-go theorem, that is, the helic- 
ity degree of freedom causes the discontinuity between the 
massless graviton theory and the massless limit of the massive 
graviton theory. 

In this Appendix we briefly review a massless and massive 
graviton theory in four-dimensional Minkowski background 
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and discuss how the extra helicity degree of freedom comes 
in to the propagator and couples to the conserved energy- 
momentum tensor. 



1. Massless 4d Graviton 
We start out with the action 



5= 












where 










■J + tlliadvdp ^ 


^ 




Tlpad^dy 




1 1 




^ 


' 2 ['nup'nva 


+ '^^l(y'^vp — ^ 



IAV;pa 



(Al) 



(A2) 



M is the fundamental mass scale which is determined in terms 
of the Newton constant Gn later. Our flat metric Tj^y has the 
signature (—,+,+,+). The action is invariant under the lin- 
earized general coordinate transformations: 



(A3) 



where are four arbitrary functions. 
The equation of motion (EOM) is 



= d^dPhpy + dydPhp^ - ri^ydpdallP" ~ S^dyh 

-□(V-i?Mv/i), (A4) 

where h := r]^^h^y. We apply 77''^ to Eq.(A4) with the result 

= d^dPhpy + d^dPhp^ - AdpdahP" - Uh - □(/7 -4/1) 
= -Id^dyh^"^ +2Uh. (A5) 



Eq.(A4) then reduces to 

= d^dPhpy + dydPhp^ - d^dyh - Uh^^ 



(A6) 



To see the physical degrees of freedom, we impose the har- 
monic gauge conditions: 



-dyh = 0. 

2 



(A7) 



Notice that Eq.(A7) is the linearized version of d^^ {^J—gg^^)- 
This is one of the crucial keys to construct a gauge-fixing term 
for 5d gravity; see Section 111 A. 

The conditions (A7) are implemented by choosing the 
gauge parameters as solutions to the following differential 
equations: 



= <5^/!v|i - -dah. 



EOM now becomes 



Uh 



(A8) 



(A9) 



Note that there still remains gauge freedom generated by E,^ 
which satisfy D£,^ = 0. If we decompose on-shell parameters 
into transverse part (3 DOE) and longitudinal part (1 DOE), 

iT) ID 

^11 = ^li + V ^ the combination (3^(^v + <5v<^^ becomes 



^^,^y + ^y^^=^^^i'^^+^y^^^ 



■AT) 



tran s vers e-trac ele s s 



traceless but not transverse 



trace piece 



(AlO) 



where d^^^'' := dt^^jp. When we choose (^^^^ as a solution 

to the equation 2d^ = li, the fluctuations become traceless 
and then, because of the harmonic gauge conditions, automat- 
ically satisfy transverse conditions df^h^y = 0. Now that h^y 
is transverse-traceless and has five degrees of freedom, how- 

IT) 

ever, 3 out of 5 DOE can be eliminated by Thus we 

see that /i^y has two physical degrees of freedom. This is the 
helicity degrees of freedom for massless graviton. 

Next gauge-fix the action. By adding a gauge-fixing term 
^GF =m2(-1/2)(-5^/!''^ + (1/2)5^/i)2, we can ehminate 
the first two lines in Eq.(A2) so that the action becomes 



hP" 



2 



(All) 

h^"' = {M/V2)h^'^ to 



where we have rescaled the field h'^^ 
be the canonical action. 

Noting that the symmetric unit bitensor is expressed as 
v;p(T = ( 1 /2) (T7^pT7vtT + Tl^iaflvp ), it is easy to check that the 
inverse of a bitensor (1/2) (T7^p77va + l^iarivp - ri^yTipa) is 
actually itself. Thus, in the harmonic gauge, the free propaga- 
tor for massless graviton is given by 



^^v;pa[K) — 



(A12) 



Next determine the mass scale M to give the Newton con- 
stant Gn by computing the static gravitational potential be- 
tween two masses, /ii and /i2- The corresponding ampUtude 
is 



-iVik) = lim 



ifJ-i I 17001700 + 1700^700 - 17001700 'Ai2 



*:0^oV2M 2 

4M2 ^2 ' 



V2M 
(A13) 



which gives the static potential V{r) = 
-(jUi/X2/4M2)(l/47rr') so that it should be chosen that 
M= l/V167rGiv. 
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Next examine the tensor structure of the residue of the prop- 
agator (A12). In — ' {p,Q,0,p) frame, we have two inde- 
pendent polarization tensors 



p{±2) _ 1 



0" 

1 ±/ 

±i -1 





(A 14) 



where we have normalized them with respect to the inner 
product 

i4l4o)--=^^'^'"'4l4o*^ iJ = ±2. (A15) 

As explicitly constructed in the next subsection, (A14) is 
given by the tensor product of the polarization vectors cor- 
responding to the helicity ±1 states as in a manner similar to 
the addition of angular momentum in quantum mechanics. 
Using Eq.(A14) one can verify the following relation: 

i=±2 

_ { \{r]^ipriva + ri^arivp - r]^vripc) At, v,p,c7 = 1,2, 



otherwise. 



(A16) 



Indeed, L=±2e fi e'"* 



iicii - 1/4+1/4 = 1/2 while 

(1/2)(tjiitjii + 77117711 - 77117711) = 1/2, L=±2e{2ei2* 
1/4+1/4= 1/2 while (l/2)(77ii7722 + 77127721 - 77127712) = 
1 /2, and so on. From this, we see that the residue of the 
propagator (A12) has the correct polarization structure. 



Since m 7^ 0, these equations can farther be reduced to the 
following constraints: 



/1 = and duh^" = 0, 



(A21) 



which provide 1+4 = 5 conditions, so that the EOM now 
becomes 



(A22) 



Now it is obvious that 5 out of 10 DOF are eliminated by 
the traceless-transverse conditions (A21) so that h^^ has only 
10 — 5 = 5 DOF, corresponding to the helicity degrees of free- 
dom of a massive spin-2 particle. This is why the Fierz-Pauli 
mass term —(1 /2)m^{h'^^ h^y — h^) gives the graviton a mass 
in a natural way. 

The massive graviton propagator A''^'''"(.\:—3') is defined as 
the Green function inverse to the differential operator A'™^.^^: 



(A23) 



After tedious calculations we get 



^^lv■pa{k) 



1 



2 I ^M<^ 



2 y^^p 



k^kv 



kfikp 



Ivp 

Ipa- 



riva 



kyka 



kykp 



kpka 



(A24) 



2. Massive 4d Graviton 



Next consider the massive graviton theory by adding a 
Fierz-PauH [14] mass termM^ (-l/4)m2(/^^v/^''^ -/i^): 



(A17) 



where 



1 



K"^v-pa = ^2 {''ll^P^vda + Tl^advdp + r]vpdfid(j + r/va^^'^p) 
+ 77^v<5p<5a + Tlpadpdy 

+ ^ (l?Aip'?va + 77^<j77vp -277^v77p(j) (D-m^). 

(A18) 

M„, is the corresponding mass scale for the massive graviton 
theory. The resulting EOM is 

= d^dPhpy + dydPhp^ - n^,ydpdahP" - d^dyh 

+ i-a + m^){h^y-ri^yh). (A19) 
By contracting and taking the trace of Eq.(A19) we have 
= {ri^ipda - ripad^) hP" 
and = [dpda - ripan)hP° + ^m^/i. (A20) 



in the momentum space. 

Let us compute the static gravitational potential via ex- 
change of a massive graviton between two masses, pL\ and /Z2. 
The corresponding amplitude is 



-iV,„(k) = lim ( -S^) ( -p- 



77007700 + 77007700 - (2/3)77007700 + k° terms 



2 —k^ — rrP- 

4 ' 

3 '4^2 ^2 + ^2' 



(A25) 



which gives the static potential Vm{r) = 
-(4/3)(jLiiAi2/4M2)(e-"'747rr2). If we require y,„(r) 
with an extremely tiny but non-vanishing mass m gives the 
same result as that of the exchange of a massless graviton, 
the Newton constant Gn should be related as G,„ = (3/4)GAf, 
where G,„ := l/(167rM2) is the coupling constant for the 
massive graviton theory. This result that the coupling 
constant for the massive graviton theory G,„ is 25% smaller 
than that of the massless graviton theory Gn yields the 
different prediction for the bending of light (photon, whose 
energy-momentum tensor is traceless) passing near the Sun, 
whose experimental test (measurement of deflection angle) 
has been performed with the accuracy 1 % to the prediction 
for the standard general relativity, while the massive graviton 
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theory's prediction is about 25% smaller than that of the 
massless graviton theory, which contradicts with the measure- 
ment. This difference is caused by the helicity degree of 
freedom which couples to the trace of an energy-momentum 
tensor even in the massless limit. 

To see this let us finally examine the polarization structure 
of the residue of the massive graviton propagator. To this end, 
we move on to the rest frame for the massive graviton: pf^ ~ 
'(m, 0,0,0). In this frame with the Cartesian coordinate basis, 
the five independent polarization tensors are given by 



p{±2) 



,(±1) 



(±1) 



0" 

1 ±; 

±i -1 





(A26a) 






■ 







±1 







i 




±1 


i . 




,(±1) 












"0 





0" 


- 


-1/2 








- 


1/2 








1. 



(±1) 
)ev - 



-2e, 



(A26b) 
(A26c) 



where e 



(±1) 



and e^"' are the polarization vectors for a massive 
vector boson with mass m: 





- " 




"0- 




p(±l) 1 

' ~V2 


±1 

/ 








(A27) 


. . 




.1. 





One can easily verify that 

i=±2,±lfl 

: (ri^pTivo + ri^arivp-^ri^yripa) jLi,v,p,(J = 1,2,3, 



otherwise 



(A29) 



Indeed, I.e\'>e\'>* = 1/4+ 1/4 + + 0+ (2/3) • (1/4) = 2/3 
while (l/2)(77ii77ii + T7iiT?ii - (2/3)t7iiT7ii) = 2/3, 

lejj^elf = 1/4+1/4 + + + = 1/2 while 
(1/2)(t7iiT722 + 7?i2i?2i - (2/3)77i2i7i2) = 1/2, and so 
on. 

It should be noted that Eq.(A29) is different from Eq.(A15) 
even if /i, v,p,C7 = 1,2. This "2/3-discontinuity" is due to the 

existence of the helicity state ejj^y, which was first pointed 
out in 1970 independently by Iwasaki [33], and by van Dam 
and Veltman [34], and by Zakharov [35]. 



APPENDIX B: PROPAGATORS IN THE GAUGE 

Here we give the expressions for the propagators in the 
gauge. 

Scalar Propagator: 



Afx/ x{k) = 
Vector Propagator: 

;5„, 



'^{/^,«};{v,m}W 



-fc2-(3^-2)m2- 

(l-^)^M^v 



(Bl) 



(T) 

^{li.n};{v.m} 



'{/J,n};{v,m} 



and (g) denotes the tensor product defined as 



"flo" 








'aobo 


aobi 


aobi 


aobi' 


ai 




bl 




aibo 


a[bi 


a\b2 




a2 




bl 




aibo 


aibi 


aibi 


02^3 






\bi\ 




a^bo 




aj,b2 





,bje- 



(A28) 



where 



^(T) 

{p..n};{v.m} 



A*'^' (k) 

^{p,n};{v,m} ^'^1 



kflky 



E,ml 



kfikv 



(B3a) 
(B3b) 
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Graviton Propagator: 



where 



{liv,n};{po.m} 



{lXV,n};{pa,m} 



{liv.n};{pa.m} 

^(tr) 
{^lV.n}■,{pa,m} 



(k) 



(k) 



"Hnv'Hpa 



1-^ 



2(1-^)^ 
— A;2 — ^2,7^2 



{r\fivkpka + r\pakp.kv) 
1 2-<^ 



-/fc2-^m2 -fc2_(3^_2)m2 



k^kvkpka 



' ^{iiv.n};{pa.m} W + ^{|iv,«};{p(j,m} W + ^{|iV,«};{pCT7n} (^) + V,«};{pc7,m} (^)' 



%P 



kuka 



Ivp 



k^kv 



a'^' (k) - 



(/<g/2)g,„n 

-/t2-^m2 



^?MP 



JTvp 



kpkc 



kfik(j 



kykp 



riva 



kfik(y \ f kykp 
t,ml ) \ ^ml 
^Kko\ f k^kp 



{i^^/2)5„,n '^ k^kykpkg 
—k^ — ^^ni^j ^'^m^ 

{i/6)8„„i 
-k^-{3^-2)ml 



kfiky 



ripa-2 



kpka 



kykp 



(B4) 



(B5a) 

(B5b) 
(B5c) 
(B5d) 



Remarks: 

1. These propagators are calculated with the canonically 
normalized fields, /i^v ^ hjiv ~ (A/pi/ V2)hf^v, h^^ ^ 
hfi5=Mpihfi5 and 1-^ = (V3Mpi/2)0. 

2. By taking the limit ^ ^ oo these propagators just re- 
duces to those calculated in the unitary gauge. 



3. The unitary gauge limit ^ ^ oa and the massless limit 
nin — > do not commute with each other, just as in or- 
dinary spontaneously broken gauge theories. 

4. A'^^' is nothing but the propagator for the 4d massive 
graviton with the Fierz-Pauli mass term. 
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